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Abstract. Given an action of a finite group G on a fusion category C we 
give a criterion for the category of G-equivariant objects in C to be group- 
theoretical, i.e., to be categorically Morita equivalent to a category of group- 
graded vector spaces. We use this criterion to answer affirmatively the question 
about existence of non group-theoretical semisimple Hopf algebras asked by 
P. Etingof, V. Ostrik, and the author in lENOI . Namely, we show that certain 
Z/2Z-equivariantizations of fusion categories constructed by D. Tambara and 
S. Yamagami |TYI are equivalent to representation categories of non group- 
theoretical semisimple Hopf algebras. We describe these Hopf algebras as 
extensions and show that they are upper and lower semisolvable. 



1. Introduction 

1.1. Conventions. Throughout this article we work over an algebraically closed 
field k of zero characteristic. All cocycles appearing in this article have coefficients 
in the trivial module . Module categories are assumed to be fc-linear and semisim- 
ple with finite-dimensional Horn-spaces and finitely many isomorphism classes of 
simple objects. Functors between fusion categories and their module categories 
are assumed to be additive and fc-linear. By a subcategory we always mean a full 
subcategory. 

1.2. Main result. A tensor category is said to be group- theoretical [02l lENO] 
if it is dual to a category of group-graded vector spaces with respect to an in- 
decomposable module category, see Section [2?T] for definitions. Group-theoretical 
categories can be explicitly described in terms of finite groups and their cohomol- 
ogy, see |02j and Section [2?2l below. Such categories were extensively studied, see 
e.g., IDGNOllEnnilENOllGMlNallNEJ^ and many classification results were 
obtained. In particular, representation categories of semisimple quasi-Hopf alge- 
bras of dimension p", n = 1, 2, . . . and pq, where p and q are prime numbers, are 
group-theoretical by |DGNO] and [EGO] . respectively. On the other hand, there 
exist semisimple quasi-Hopf algebras of dimension 2p^, where p is an odd prime, 
with non group-theoretical representation categories |ENO| Remark 8.48]. 

The main result of this article is existence of semisimple Hopf algebras with 
non group-theoretical representation categories. This answers a question |EN01 
Question 8.45] of P. Etingof, V. Ostrik, and the author. 

To establish this we construct a series of fusion categories of Frobenius-Perron 
dimension 4p^, where p is an odd prime, that are non group-theoretical and admit 
tensor functors to the category of vector spaces. By Tannakian formalism jUj these 
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categories are equivalent to representation categories of some semisimple Hopf alge- 
bras. The construction of these categories involves an equivariantization procedure 
[AG[ [G] : given an action of a finite group G on a tensor category C one forms a 
tensor category C*^ of G-equivariant objects in C. See Section [2?3l for definitions. 
Specifically, we take C to be a group-theoretical Tambara-Yamagami fusion cat- 
egory |TY] of Frobenius-Perron dimension 2p^ and explicitly define an action of 
G = Z/2Z on it. The corresponding category of equivariant objects is equivalent 
to the representation category of a non group-theoretical semisimple Hopf algebra 
of dimension Ap^. 

1.3. Organization of the paper. Section [2] contains basic definitions related to 
fusion categories and their module categories, a description of group-theoretical cat- 
egories, the equivariantization construction, and Tambara-Yamagami fusion cate- 
gories. In Section [31 given an action of a group G on a fusion category C, we 
define a crossed product category C x G and show that it is dual to the category 
C*^ of G-equivariant objects in C. We prove in Theorem 13.51 that C x G and C'~^ are 
group-theoretical if and only if there exists a G-invariant indecomposable C-module 
category with a pointed dual. This criterion is used in Section[4l where we explicitly 
construct an action of Z/2Z on a group-theoretical Tambara-Yamagami category Cp 
of Frobenius-Perron dimension 2p^, where p is an odd prime, and show that there 
are no Cp-modulc categories with pointed dual invariant with respect to this action. 
The equivariantization categories Cp^^^ are non group-theoretical but admit tensor 
functors to the category of vector spaces. Hence, these categories are equivalent to 
representation categories of semisimple Hopf algebras. This shows that there is a 
series of semisimple Hopf algebras Hp of dimension 4p^, where p is an odd prime, 
with non group-theoretical representation categories. The algebraic structure of 
these Hopf algebras is analyzed in Section [5l We describe Hp as an extension of 
already known Hopf algebras and show that it is upper and lower semisolvable in 
the sense of [MW] . 

1.4. Acknowledgments. The author's research was supported by the NSA grant 
H98230-07-1-0081. He is grateful to Pavel Etingof, Shlomo Gelaki, Victor Ostrik, 
and Leonid Vainerman for useful discussions. 

2. Preliminaries 

2.1. Fusion categories and their module categories. A fusion category over 
/c is a fc-linear semisimple rigid tensor category [BK|, IK] with finitely many iso- 
morphism classes of simple objects, finite-dimensional Hom-spaces, and simple unit 
object 1. 

Let C be a fusion category. For any object X inC its Frobenius-Perron dimension 
FPdim(X) is defined as the largest non-negative real eigenvalue of the matrix of 
multiplication by X in the Grothendieck semi-ring of C, see [FKj and |ENOl Section 
8]. The Frobenius-Perron dimension of C is, by definition, the sum of squares of 
Frobenius-Perron dimensions of simple objects of C and is denoted FPdim(C). In 
the special case when C = Rep(iJ) is the representation category of a semisimple 
quasi-Hopf algebra H the Frobenius-Perron dimensions coincide with vector space 
dimensions, i.e., FPdim(y) = dmik{V) for any finite-dimensional H- module V and 
FPdini(Rep(i7)) = dimfc(i/). 
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A fusion category C is graded by a finite group G if there is a decomposition 

C = (BgeG Cg 

of C into a direct sum of full Abelian subcategories such that ® maps Cg x Ch to 
Cgh for all g,h € G. Note that Ce, where e is the identity element of G, is the fusion 
subcategory of C. In this paper we consider only faithful gradings, i.e., such that 
Cg 7^ for all g eG. In this case one has FPdim(C) = |G|FPdim(Ce), see [ENO] . 

A right C -module category is a category M together with an exact bifunctor (g) : 
MxC ^ M and a natural family of isomorphisms M(g)(X(X)F) = {M<^X)(iiY and 
M®! = Af, X, F e C, M G satisfying certain coherence conditions. See [01] for 
details and for definitions of C-module functors and their natural transformations. 
The category of C-module functors between right C-module categories Aii and A^2 
wiU be denoted Func(A^i, A^2)- 

For two C-module categories Mi and M2 their direct sum Mi © M2 has an 
obvious C-module category structure. A module category is indecomposable if it is 
not equivalent to a direct sum of two non-trivial module categories. It was shown 
in [01] that C-module categories are completely reducible, i.e., given a C-module 
subcategory 7\A of a C-module category M there is a unique C-module subcategory 
TV' of M such that M = TV TV'. Consequently, any C-module category M has a 
unique, up to a permutation of summands, decomposition M ~ ®xes Mx into a 
direct sum of indecomposable C-module categories. 

A theorem due to V. Ostrik |01j states that any right C-module category is 
equivalent to the category of left modules over some algebra in C. Namely, given a 
non-zero object V of an indecomposable C-module category M, the internal Hom 
Hom fV. V) defined by a natural isomorphism 

(1) RomMiX ^V,V)^ Homc(X, HomfF. V)), X eC, 

is an algebra in C and the category of its left modules in C is equivalent to M. 

An important fact in the theory of module categories is that the category CJ^ := 
Func{M, M) of C-module endofunctors of an indecomposable C-module category 
M (called the dual of C with respect to TM) is also a fusion category and 

FPdim(CX() = FPdim(C). 

Furthermore, M is an indecomposable left C^-module category. If M is the cat- 
egory of left modules over an algebra A in C then CJ^ is equivalent to the fusion 
category of A-bimodules in C with the tensor product (g)^, see [01] . 

Following M. Miiger [Mu] we will say that two fusion categories C and 2? are 
Morita equivalent if there is a right C-module category M such that V = C^. It 
was shown in [Mu] that the above relation is indeed an equivalence. For a fixed M 
the assignment 

(2) Af^Func{M,Af) 

establishes an equivalence between 2-categories of right C-module categories and 
right CJ^-module categories. 

Define a rank of a semisimple category A to be the number of equivalence classes 
of simple objects in A. A fusion category of rank 1 is equivalent to the category 
Vec of fc-vector spaces. A module category of rank 1 over a fusion category C is 
the same thing as a fiber functor, i.e., a tensor functor F : C ~* Vec. From such 
a functor F one obtains a semisimple Hopf algebra H := End(F) such that C is 
equivalent to the category Rep{H) of finite-dimensional representations of [U]. 
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A fusion category is called pointed if every its simple object is invertible. Every 
pointed fusion category is equivalent to a category Vecg, where G is a finite group 
and oj e Z^{G, k^) is a 3-cocycle. By definition, the latter is the category of 
G-graded vector spaces with the associativity constraint given by uj. The simple 
objects of Vecg are 1-dimensional G-graded vector spaces which will be denoted by 
g, g ^ G. Note that the rank and Frobenius-Perron dimension of Vec^ are equal 
to |G|. 

Definition 2.1. Let C be a fusion category and let A4 be an indecomposable 
C-module category. We will say that A4 is pointed if CJ^ is pointed. 

Lemma 2.2. Let C be a fusion category and lefD <Z C be a fusion subcategory. Let 
M. be a pointed C-module category and let M = ffi^es J^x be its decomposition into 
a direct sum of indecomposable T>-module categories. Then M.^ = My as D-module 
categories for all x,y G S. 

Proof. Any C-module autoequivalence of M induces a permutation of S. Since A4 
is indecomposable as a module category over the pointed category CJ^ , the simple 
objects of CJ^ act transitively on S. Hence, for any pair x,y £ S there is a C-module 
autoequivalence F : A4 ^ A4 that maps A4x to A4y. □ 

2.2. Group-tiieoretical fusion categories. A fusion category that has a pointed 
module category is called group-theoretical |02[|EN0] . Any such category is equiv- 
alent to the category of bimodules over an algebra in Vec^ for some G and to € 
Z^{G, k^). Below we recall a description of group-theoretical categories from |02| . 

Let G be a finite group and ui G Z^{G, k" ). Equivalence classes of indecom- 
posable right VeCg-module categories correspond to pairs {H, /i), where 7J is a 
subgroup of G such that uj\hxHxh is cohomologically trivial and /i G C'^{H, k^) is 
a 2-cochain satisfying S'^fi = uj\hxHxh- The corresponding Vecg-module category 
is constructed as follows. Given a pair (H, fj,) as above define an algebra 

i?(7J,/x) = 0a 

aeH 

in Vecg with the multiplication 

(3) pi{a,b)idab:R{H,fi)®R{H,fi)^R{H,fi). 

a,beH 

Let M{H, fi) denote the category of left R{H, /^)-modules in VeCg. Any Vec^- 
module category is equivalent to some M{H, fi). The rank of M{H, fi) is equal 
to the index of H in G. Two Vecg-module categories M{H, fi) and M{H', fi') 
are equivalent if and only if there is g £ G such that H' = gHg~^ and /i and the 
5-conjugate of fi' differ by a coboundary. 

Let us analyze (VecQ)^^^ -module categories using correspondence Let 
(iJi, /ii) and (i?2, 1^2) be two pairs as above. The rank of the semisimple category 
Funvecg ( , ^1), M{H2, M2)) was computed in [02i Proposition 3.1]. Namely, 
for any g E G the group := Hi n gH2g^^ has a well-defined 2-cocycle 

fi^{h,h') f,i{h,h')fi2{g-'h'-'g, g-'h-'g)cj{hh'g, g-^h'-^g, g'^h-^g)-^x 
uj{h, h' , g)uj{h, h'g, g^^h'^^g), h,h' G . 
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The simple objects of Funvccg ( (^^i , Mi); M{H2, ^2)) correspond to pairs {Z, tt), 
where Z is a two-sided {Hi, _ff2)-coset in G and tt is an irreducible projective 
representation of with the Schur multiplier /i^, g G Z. In particular, 

(4) rank(Funvccg(A^(i?i, Ail), A^(i?2, M2))) = XI "^(5*)' 

■ieHi\G///2 

where {gi}ieHi\G/ H2 is a set of representatives of two-sided (iJi, i/2)-cosets in G 
and m{gi) is the number of non-equivalent irreducible projective representations of 
the group H^^ with the Schur multiplier Note that m{gi) is independent from 
the choice of a coset representative gi. 

Remark 2.3. Let us note several consequences of the rank formula 

(i) The category (VecQ)^^^ is equivalent to the representation category of 
a Hopf algebra if and only if there is pair {K, v) , where 7^ is a subgroup 
of G and £ H^{K, k^) such that ^JJ\Ky.K•KK is trivial, HK = G, and 
Hv^^\Hr]K is non-degenerate. The latter condition means that the group 
algebra oi H f] K twisted by a cocycle representing nv^^\Hr]K is simple. 

Moreover, the conjugacy classes of pairs {K, v) with the above properties 
parameterize fiber functors of the category (VecQ)^|-^ 

(ii) Simple objects of (VecQ)^^^ correspond to pairs {Z, tt), where Z is a 
two-sided coset of iJ in G and tt is an irreducible projective representation 
of iJ n with the Schur multiplier , g G Z . The Frobenius-Perron 
dimension of the simple object corresponding to (Z, tt) is deg(7r)(|Z|/|i? |). 

(iii) The pointed (Vecg)^^^ -module categories are 

Funvecs(A^(-ff, A*), M{N, z.)), 

where is a normal Abelian subgroup of G such that wIatxatxjv is trivial 
and V G H'^{N, k^) is a G- invariant cohomology class, see |Na| . 

2.3. Group actions on fusion categories and equivariantization. Let us re- 
call the following well known construction (see [AG[ [G] ) : given a fusion category 
C equipped with an action of a finite group G one defines a new fusion category, 
namely the category of G-equivariant objects of C, also known as the equivarianti- 
zation of C. 

Let C be a fusion category. Consider the category Aut^(C), whose objects are 
tensor auto-equivalences of C and whose morphisms are isomorphisms of tensor 
functors. The category Aut^(C) has an obvious structure of monoidal category, in 
which the tensor product is the composition of tensor functors. 

For a finite group G let Cat(G) denote the monoidal category whose objects 
objects are elements of G, the only morphisms are the identities, and the tensor 
product is given by multiplication in G. 

Definition 2.4. An action of a group G on a fusion category C is a monoidal 
functor 

Cat(G) -> Aut^(C) -.g^Tg. 
In this situation we also say that G acts on C. 

Let G be a finite group acting on a fusion category C. For any g G G let 
Tg G Aut g(C) be the corresponding functor and for any g,h & G let 'jg^h be the 
isomorphism Tg o Th — Tgh that defines the monoidal structure on the functor 
Cat(G) -> Aut^(C). 
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Definition 2.5. A G-equivariant object in C is an object X of C together with 
isomorphisms Ug : Tg(X) X, g Cz G, such that the diagram 

TginiX)) ^-'""^ : Tg{X) 
TghiX) — ^X 

commutes for all g,h € G. One defines morphisms of equivariant objects to be 
morphisms in C commuting with Ug, g G G. 

The category of G-equivariant objects ofC, or equivariantization, will be denoted 
by . It has an obvious structure of a fusion category and a forgetful tensor 
functor Forg : C*^ C. 

Remark 2.6. If C has a fiber functor F : C ^ Vec then F o Forg is a fiber functor 
of C^. Thus, if C is a representation category of a Hopf algebra then so is C'^. 

Example 2.7. Let G, K be finite groups such that G acts on K by automorphisms. 
Then G acts on the category Rep(i4r) of representations of K and Rep(/^)'^ = 
Rcp(Js: X G). 

2.4. Tambara-Yamagami categories. In |TY| D. Tambara and S. Yamagami 
completely classified all Z/2Z-graded fusion categories in which all but one of sim- 
ple objects are invertible. They showed that any such category Ty{A, x, t) is 
determined, up to an equivalence, by a finite Abelian group A, an isomorphism 
class of a non-degenerate symmetric bilinear form x : ^ x A — > fc^ , and a number 
T e fc such that — \A\^^. The category Ty{A,x,T) is described as follows. It is 
a skeletal category (i.e., such that isomorphic objects are equal) with simple objects 
a, a G A, and m and tensor product 

a ® b = a + b, a ® m = m ® a — m® m ^ ®aeA o, 

for all a,b ^ A and the unit object £ v4. The associativity constraints 

ax,y,z ■ {x (g) y) (g) z = X (® {y ® z), 

where a;, y, z are objects of Ty{A, x, t), are given by 

<Xa,b,c — ida+h+c, 

aa,m,b = x(a, fe)idm, 

Oia,m,m = ©fcsA idfc, 

am,a,m = ©heA x(a, ^) idfc, 

am,m,a = ©fceA idfo, 
am,m,m = ®a,hG A Tx(a, 6) " Mdm . 

The unit constraints are the identity maps. The category Ty{A, x, t) is rigid with 
a* = —a and m* = m. 

The Frobenius-Perron dimensions of simple objects of Ty(A, x, t) are FPdim(a) = 
1, a G A, and FPdim(m) = ^/\A\. We have FPdim(T3^(A, x, r)) = 2\A\. 
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Definition 2.8. Let A be an Abelian group and let x • ^ ^ ^ ^ ^^^^ be a non- 
degenerate symmetric bilinear form on it. The form x is called hyperbolic if there 
are subgroups L, L' oi A such that A = L x L' and 

x\lxl = x\l'xL' = 1- 

Any subgroup L oi A for which there is L' with the above properties is called 
Lagrangian (with respect to x)- 

Remark 2.9. Suppose that \A\ is odd. It was shown by D. Tambara in |Tj that 
Ty{A,x,T) admits a fiber functor (i.e., Ty{A, x,t) is equivalent to the represen- 
tation category of a semisimple Hopf algebra) if and only if is a positive integer 
and X is hyperbolic. 

In the special case when A = Z/kZx Z/fcZ, k > 2, the corresponding semisimple 
Hopf algebras were explicitly described by G. Kac and V. Paljutkin [KP] , 

Proposition 2.10. Let Aut{A,x) be the group of automorphisms of A preserving 
the form x- There is an action g ^ Tg of Aut{A, x) on Ty{A, x, t), where 

Tg{A) = g{a), Tg{m) = to, a e A, g e Aut{A, x), 

with the tensor structure of Tg given by identity morphisms. 

Proof. This follows directly from the definition of the associativity constraints in the 
Tambara- Yamagami category and an observation that (x),t (y).T (z) = Tg{ax,y,z) 
for all simple objects x, y, z in Ty{A, x, t) and all g G Aut(A, x). □ 

3. Crossed product fusion categories and their module categories 

In this Section we construct a fusion category CxG dual to the equivariantization 
category C'^ (see Proposition l3. 21 below) with respect to the module category C and 
derive a criterion for and C x G to be group-theoretical. 

For a pair of Abelian categories Ai, A2, let Ai K1^2 denote their Deligne's tensor 
product [D] . 

3.1. Definition of a crossed product fusion category. Let C be a fusion cat- 
egory. Fix a finite group G and an action Cat(G) Aut ^(C) : g i-^ Tg. 

Definition 3.1. A crossed product category C x G is defined as follows. We set 
C x G = CM VeC(3 as an Abelian category, and define a tensor product by 

(5) {XMg)®{YMh):^{X®Tg{Y))Mgh, X,YeC, g,heG. 

The unit object is 1 S e and the associativity and unit constraints come from those 
of C. 

Note that C x G is a G-gradcd fusion category, 

C X G = (C X G)g, where (C x G)g = C ® (1 H g). 

g&G 

In particular, C x G contains C = C (1 Kl e) as a fusion subcategory. 
We have FPdim(C x G) = |G|FPdim(C). 

There is a left (C x G)-module category structure on C given by 
V(g){XMg):^Tg-i{V(8)X), V,XeC,geG, 



8 



DMITRI NIKSHYCH 



with the associativity constraint 

av,x^g,Ym ■■ V {{X ^ g) {Y ^ h)) = T,,-ig-i{V ^ {X ® Tg{Y))) 

^ T^-i(Tg-i(F0X)®F) 

= Tg-i{V^X)<S,{Ymh) 

= {V^{Xmg))®{Ymh). 

Proposition 3.2. We have [C xi G)q = C^, i.e., the categories {C xi G) and are 

Morita equivalent. 

Proof. Let : C ^ C be a (C x G')-module functor. In particular, F is a C-module 
functor, hence F{V) = X for some X in C. It is straightforward to check that 
a (C XI G')-modulc functor structure on the latter functor is the same thing as a 
G-cqui variant object structure on X. □ 

3.2. A criterion for a crossed product fusion category to be group theo- 
retical. Let C be a fusion category, let t e Aut gfC) be a tensor autoequivalence of 

C, and let be a C-modulc category. 

Let At* denote the module category obtained from M. by twisting the multipli- 
cation by means of t, i.e., by defining a new action of C: 

M ®^ X ■= M ®t{X), 

for all objects M in Al and X in C. If A is an algebra in C such that Al is 
equivalent to the category of A- modules in C then Al* is equivalent to the category 
of <(A)-modules in C. 

Lemma 3.3. Let A4 be a C-module category and let t € Aut^{C) be a tensor 
autoequivalence of C. Then Cj^ = C^t. In particular, if M. is pointed, then so 
is A(*. 

Proof. Let F : Al — > Al be a C-module functor with the C-module functor structure 
given by 

^M,x:F{M®X)^F{M)^X, MeM,XeC. 

Let F* : ^ A(* be a C-module functor defined by F*(M) = F{M) with a 

C-module functor structure 

j'm^x ■■ F\M ®* X) = F{M ® tiX)) 2^1^ F{M) ® t{X) = F\M) ®' X. 
It is straightforward to check that F i— > F* is a tensor equivalence between CJ^ and 

c* n 

Given an action 5 i— > Tg of a group G on C we will denote by Al^ the category 
Al'^s. Wc have M^^ = (Al^)'*, g,h G G, i.e., G acts on the set of indecomposable 

C-modulc categories. 

Definition 3.4. We will say that a C-module category M is G- invariant if Al = Al^ 
for every g G G. 

Theorem 3.5. The category C G is group-theoretical if and only if there exists 
a G-invariant pointed C-module category. 

Proof. Let A^ be a (C x G)-modulc category and let Ai = (Bxes be a decom- 
position of Al into a direct sum of indecomposable C-module categories. Note that 
■= Mx (8> (1 l^ff), a; G 5, 5 G G, is a C-module subcategory of Al. This makes 



NON GROUP-THEORETICAL SEMISIMPLE HOPE ALGEBRAS 



9 



S a transitive G-set. The functor M i-^ M ® (1 Kl g) is a C-module equivalence 
between {MxY and Mgx- 

Suppose that Ai is pointed, then Aix = -My for aU x,y S hy Lemma [2.21 
Thus, for any a; G 5 the category A4x is G-invariant. 

By [ENO[ Proposition 5.3] there is a surjective tensor functor 

(C >iG)%-^C*M= FunciMx, My). 

This means, in particular, that every simple object in {x G 5) is a subobject 
of the image of an invertible object in (C x G)^ and, hence, is invertible. Thus, 
Mx is pointed. 

To prove the converse implication, suppose that A/" is a G-invariant pointed C- 
module category. Choose right C-module equivalences Kg : Af^ = J\f, g £ G. We 
have natural isomorphisms 

Kg{N®X)^ Kg{N)®T-\X), NeM,XeC. 

We equip M := M ^ Vccq with a (C xi G)-module category structure by setting 

{NMf)^{XMg) KfgKJ^{N®X)Mfg, N £ N , X £ C, f,g G. 

The associativity constraint of Ai is defined via the following isomorphisms: 

(NMf)®{{XMg)®{YMh)) = KfghKJ^{N®(X®Tg(Y)))mfgh 

^ KfgHKj\(N®X)®Tg{Y))mfgh 

^ KfgHKJ^{KfgKj\N®X)(®Y)mfgh 

= {{NMf)®{XMg))®{YMh). 

Let us consider the category (C x G)^^. For any right C-module equivalence 
F : Af'\ heG, define a functor Ft : M ^ M hy 

Fh{N K /) = KhfFKj^N) mhf, N £M,f,h£ G. 

Then F^ has a structure of a right (C xi G)-module endofunctor of M.: 

Fh{{N^f)(i){X^g)) = KhfgFKj\N(S)X)^hfg 

- KnfgF{Kj\N) ® Tf(X)) K hfg 

- KnfgK-}Kuf{F{Kj\N)) ® Tnf{X)) M hfg 
^ KufgK^}{KhfFKj\N) ®X)m hfg 

= iiKhfFKj\N)(E)X)Mhf)(g){XMg) 
= Fh{NMf)®{Xmg). 

Each functor Fh is an equivalence. Since there are |G|FPdim(C) such functors, we 
conclude that (C xi G)^ is spanned by invertible objects, i.e., it is pointed. □ 

Corollary 3.6. The category C'^ is group-theoretical if and only if there exists a 
G-invariant pointed C-module category. 

4. Construction of a series of non group-theoretical fusion 

CATEGORIES FROM TAMBARA-YAMAGAMI CATEGORIES 

Let p be an odd prime. 
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4.1. A group-theoretical category Cp. Let G := D2p x Z/pZ, where I?2p is the 
dihedral group of order 2p. Let if be a non-normal subgroup of G of order p. Let 

Cp := (VecG);i,(/f,i). 

Note that the centralizer of K is the unique Sylow p-subgroup of G. It follows from 
Section [2?2l (see [02|) that the category Cp has invertible objects and a unique 
simple object of Frobenius-Perron dimension p. Thus, Cp is a Tambara-Yamagami 
fusion category. 

Note that Cp admits a fiber functor, since G = D2pK and D2p n K — {e}, see 
Remark lO^i). It follows from Remark (see jT]) that 

Cp^Tyiz/pZxz/pZ, X, i), 

where x is a non-degenerate hyperbolic bilinear form on Z/pZ x Z/pZ. Note that 
such X is unique up to an automorphism of li/pZ x Z/pZ and so Cp does not depend 
on the choice of K. 

4.2. Pointed Cp-module categories. 

Proposition 4.1. Cp has exactly 4 non- equivalent pointed module categories. Two 
of these categories have rank 2p and two others have rank 2. 

Proof. Recall from Remark l2.3f ii) (see jNa| ) that pointed Vecc-module categories 
correspond to pairs (H, z/), where H is a normal Abelian subgroup of G and G 
H^{H, fc^) is a G-invariant cohomology class. The normal Abelian subgroups of G 
are the following: {e}, two normal subgroups of order p (denoted Hi, H2), and the 
Sylow p-subgroup P. The subgroups {e}. Hi, H2 have trivial second cohomology, 
and the only G-invariant cohomology class in P is the trivial one. Hence, 

M{{e}, 1), M{Hi, 1), M{H2, 1), M{P, 1) 

are all the pointed Vecc-module categories. 

The corresponding Cp-module categories and their ranks are found using Re- 
mark [2]3l 

rank(Funvcco(-M({e}, 1), MiK, 1))) = 2p, 
rank(FunvccG(-^(^', 1), -^(^, 1))) = 2p, 
rank(FunvecG(M(^i, 1), 1))) = 2, 

rank(FunvecG(-^(^2, 1), A<(^, 1))) = 2, 
and the statement follows. □ 

Fix a primitive p-th root of unity ^ in k. Any hyperbolic form x on A := 
Z/pZ X Z/pZ = {(x,y) I G Z/pZ} is isomorphic to 

(6) x((^i,^2), (yi,y2)) = e^^+^^^=, 

see, e.g., [S]. There are exactly two Lagrangian subgroups of A: 

(7) Li = {{x,0) \ X e Z/pZ} and is = {(0, y) | y G Z/pZ}. 
Observe that there is a Z/2Z-grading 

Cp — (Cp)o © {Cp)i, 

where the invertible objects of Cp span the trivial component (Cp)o = Vec^ and the 
unique non-invertible simple object spans (Cp)i = Vec. 
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The next two Lemmas describe the pointed Cp-module categories from Propo- 
sition 14.11 in terms of the exphcit presentation of Tambara-Yamagami categories 
given in Section 12.41 

Recall that for a subgroup H C A and a 2-cocycle /i G Z^{H, k^) we defined 
the algebra R{H, fi) — (BaeH o, in equation Q in Section [2?2l 

Lemma 4.2. Consider algebras Ri :— R{Li, 1), i = 1,2 in VecA C Cp. The cate- 
gories of Ri-modules, i — 1,2, inCp are non-equivalent pointed Cp-module categories 
of rank 2p. 

Proof. Fix i g {1, 2}. There are p non- isomorphic simple i?i-modules and p^ non- 
isomorphic simple i?i-bimodules in (Cp)o- The object m has p structures of an 
i?i-module and, hence, p^ non-isomorphic structures of an i?i-bimodule, thanks to 
the associativity constraint property aa,m,b = idm for all a,b G Li. Thus, the 
category of i?i-niodules in Cp is a pointed Cp-module category of rank 2p. (see j02| ) 
The two Cp-module categories in question are not equivalent, since by Lemma l2.2l 
they are already not equivalent as Vec^i-module categories. □ 

Lemma 4.3. Let A4 be an indecomposable Cp-module category of rank 2. There is 
a cohomologically non-trivial 2-cocycle ^ € Z'^{A, k^) such that A4 is equivalent to 
the category of R{A, -modules in Cp. 

Proof. Let x, y be simple objects oi Ai. It is easy to see that the fusion rules of 
Ai are 

x®a = x,y®a — y,x®m = py, y ® m = px, a G A. 

Any such category A4 is equivalent to the category of -B-modules in Cp, where 
B = Hom(a;, x) is the internal Hom, see Section \TJ\ and [Olj . Thus, B — QaeAa 
as an object of Cp. Hence, B = R{A, p) for some £ Z'^{A, k^), where the algebra 
R{A, fi) is defined in ([3]). 

Note that /i must be cohomologically non-trivial, since the object m has p^ 
structures of an R{A, l)-module, and so the category of R{A, l)-modules in Cp has 
rank > 2. □ 

4.3. An action of Z/2Z on Cp without invariant pointed Cp-module cate- 
gories. As before, let A = Z/pZ x Z/pZ and let x ■ A x A ^ k^ be a hyperbolic 
bilinear form defined in ([6|). Let t he the group automorphism of A defined by 

(8) t{x,y) ^ {y,x), x,ye'E/pZ. 

Then t € AntiA, x), i-e., x ° x = By Proposition 12 . 101 this t gives rise to a 
tensor autoequivalence of Cp of order 2 (which we will also denote t) and, hence, to 
a Z/2Z- action on Cp. 

Proposition 4.4. The above action o/Z/2Z has no invariant pointed Cp-module 
categories. 

Proof. By Proposition 14.11 there are exactly 4 non-equivalent pointed Cp-module 
categories. These categories are described in Lemmas 14.21 and 14.31 as categories of 
modules over certain algebras in Cp. 

Note that t permutes Lagrangian subgroups of A, i.e., maps Li to L2 and 
vice versa. Hence, t maps R{Li, 1) to R{L2, 1) and vice versa. It follows from 
Lemma 14.21 that t permutes two pointed Cp-module categories of rank 2p. 
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Note that t acts on H'^{A,k^) = Z/pZ by taking inverses, i.e., it maps the 
cohomology class represented by a 2-cocycle /i to that of /i^^. In particular, the 
algebra t{R{A, /i)) is isomorphic to R{A, We claim that t permutes the two 

pointed Cp-module categories of rank 2. Indeed, let be such a category. By 
Lemma 14.31 Ai is equivalent to the category of R{A, /i)-modules in Cp for some 
cohomologically non-trivial /i G Z'^{A,k^). By Lemma 13.31 7W* is pointed. It 
is equivalent to the category of R{A, /i^^)-modules. Considering Ai and M.* as 
VeCyi-module categories we have, using Lemma [2.21 

(9) M = MiA,^i)® M{A, n) ^ M{A, n'^) © M{A, ^-i) = M\ 

where Ai{A,ii) denotes the Vec^-module category of R{A, /i)-modules in Vcca 
described in Section [^TTl This means that M and A^* are non-equivalent as Vec^- 
module categories. Hence, they are not equivalent as Cp-module categories. □ 

Remark 4.5. For any cohomologically non-trivial /i G Z'^{A, k^) let A/)j denote 
the category of R{A, ^)-modules in Cp. As a Vec^-module category A/"^ decomposes 
as 

Nf, = MiA, fi)®MiA,fi'), 

where the cohomology class of /i' G Z'^{A, k^) depends on that of fj, as follows. Note 
that Alt(/i)(a;, y) := ^(y, x)fj,{x, y)~^, x,y G ^ is a non-degenerate alternating 
bilinear form. There is a unique group automorphism G Aut{A) defined by the 
property 

Alt(^)(a;, i/j(a)) — x(a;, a), for all x € A. 

Then fi'{x,y) = ^~^{l^j,{x), x,y & A. It can be checked directly that there 

are exactly two cohomology classes with the property that and /z' are coho- 
mologous and that these two classes are inverses of each other. This fact is not 
needed in the proof of Proposition 14.41 but rather explains the nature of the coho- 
mology classes of cocycles /x, G Z'^{A, k^) corresponding to pointed Cp-module 
categories of rank 2. 

Corollary 4.6. The category (Cp)^/^^ corresponding to the action ^ is a non 
group-theoretical fusion category and is equivalent to the representation category a 
semisimple Hopf algebra of dimension Ap^ . 

Proof. The category (Cp)^/^^ is non group-theoretical by Corollarv l3.6l and Propo- 
sition 14.41 Since Cp has a fiber functor, then so does its equivariantization, see 
Remark 12.61 By Tannakian reconstruction theorem [U], (Cp)^/^^ is equivalent to 
the representation category of a semisimple Hopf algebra. □ 

5. Non group-theoretical semisimple Hope algebras of dimension 4p^ 

AS EXTENSIONS 

Let G be a finite group. Below k'^ will denote the commutative Hopf algebra of 
functions on G and kG will denote the cocommutative group Hopf algebra of G. 
For a Hopf algebra H its representation category will be denoted Rep(ff). 

We will freely use Hopf algebra notation and terminology, see [M] as a reference. 

Let Hp be a semisimple Hopf algebra such that Rep(i/p) = (Cp)^/^^ as a fusion 
category. We have d\mk{Hp) = 4p^. In Proposition 15.21 below we find the alge- 
bra structure of Hp and its dual H* and describe them in terms of Hopf algebra 
extensions. 
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Remark 5.1. It was shown by S. Natale |Nt| that a semisimple Hopf algebra H 
for which there is a short exact sequence of Hopf algebras 

fc ^ fc^i ^ i7 ^ fcGz fc, 

where Gi, G2 are finite groups, then Rep{H) is group-theoretical. Thus, Hp cannot 
be obtained as an extension of a cocommutative Hopf algebra by a commutative 
one. 

It was shown by A. Masuoka [Ma| that there is a unique, up to an isomorphism, 
semisimple Hopf algebra Ap of dimension 2p^ with exactly group-like elements. 
This Hopf algebra is dual to the Kac-Paljutkin Hopf algebra [KPj and there is a 
short exact sequence of Hopf algebras 

k k^/p^x-^/p^ -^Ap^ fc(Z/2Z) ^ k. 

As algebras, 

Ap ^ k^^^P^ ® M2(fc)(^%^) and A; ^ k^P"> © Mp{k), 
where A/„(fc) denotes the algebra of n-by-n matrices over k. 

Proposition 5.2. Both Hp and H* are extensions of Ap by k^^^^, i.e., each of 
them fits into a short exact sequence of Hopf algebras 

(10) k -> fc^/2Z ^H^Ap^k, 
where H — Hp or H = H* . 

As algebras, Hp = H* ^ k'^^P^ © A'hik)'^^^^^^^ © Mp{k)^'^\ 

Proof. The isomorphism type of the algebra Hp is found directly by computing 
Frobenius-Perron dimensions of simple objects of Rep(77p) = (Cp)^/^^. 

Since the fusion category (Cp)^^^^ inherits a Z/2Z-grading from Cp, the Hopf 
algebra Hp contains a central group-like element of order 2 and, hence, a central 
Hopf subalgebra /c^/^^. The representation category of the quotient Hopf algebra 
Hp ~ H/H{k^^'^^)'^ is equivalent to a Z/2Z-equivariantization of the fusion sub- 
category Vecz/pZxz/pZ — Rep(Z/pZ x Z/pZ) of Cp. By ^ the latter comes from 
an order 2 group automorphism t of Z/pZ x Z/pZ. From Example 12.71 we see that 
Rep{Hp) = Rep(fcG), where G = (Z/pZ x Z/pZ) x Z/2Z. It follows from the result 
of P. Schauenburg [Sch] that there is cocycle twist J on the group Hopf algebra kG 
such that Hp is isomorphic to the deformation {kGY of kG by means of J . 

Thus, Hp fits into an extension 

(11) k -> fc^/2Z ^Hp^ (kG)-' ^ k. 

Note that the Hopf algebra {kGY necessarily non cocommutative, since otherwise 
Hp would be group-theoretical by the result of S. Natale |Nt| . see Remark 15.11 
Hence, the cocycle twist J must be non-trivial. It follows from the work of P. Etingof 
and S. Gelaki [EG| that J comes from a non-degenerate 2-cocycle on the Sylow p- 
subgroup of G. Therefore, the deformed Hopf algebra (kG)'' has exactly p^ group- 
like elements. Hence, {kGY — by [Ma| . 

Thus, A* is an index 2 (and, hence, normal) Hopf subalgebra of H*. Therefore, 
Hp has exactly two p-dimensional irreducible representations and the central group- 
like element of order 2 in A* must also be central in H* . The corresponding quotient 
Hopf algebra H* / H* (/c^/^^)+ is non cocommutative and contains a Hopf subalgebra 
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isomorphic to A^/ Al{k^/^'^)+ ^ k{Z/pZ x Z/pZ). Again, H* / H*{k'^'^^)+ = Ap by 
[Maj and so H* fits into the same extension pT|) as Hp and has the same algebra 
structure. □ 

Corollary 5.3. The Hopf algebras Hp are upper and lower semisolvable in the 
sense of S. Montgomery and S. Witherspoon [MW| . 
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